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ABSTRACT: We study the subleading-color (nonplanar) contributions to the four-gluon
scattering amplitudes in N' = 4 supersymmetric SU(N) Yang-Mills theory. Using the for-
malisms of Catani and of Sterman and Tejeda-Yeomans, we develop explicit expressions
for the infrared-divergent contributions of all the subleading-color L-loop amplitudes up
to three loops, and make some conjectures for the IR behavior for arbitrary L. We also
derive several intriguing relations between the subleading-color one- and two-loop four-
gluon amplitudes and the four-graviton amplitudes of N' = 8 supergravity. The exact one-
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two-loop N-independent N’ = 4 SYM amplitudes respectively, but the natural generaliza-
tion to higher loops fails, despite having a simple interpretation in terms of the 't Hooft
picture. We also find that, at least through two loops, the subleading-color amplitudes of
N =4 SYM theory have uniform transcendentality (as do the leading-color amplitudes).
Moreover, the N/ = 4 SYM Catani operators, which express the IR-divergent contribu-
tions of loop amplitudes in terms of lower-loop amplitudes, are also shown to have uniform
transcendentality, and to be the maximum transcendentality piece of the QCD Catani
operators.
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1. Introduction

In the effort to develop new tools for the computation of higher-loop contributions to
scattering amplitudes in gauge theories, ' = 4 SYM theory plays a special role because
of its comparatively simple structure [[l]. Moreover, the AdS/CFT correspondence allows
some of the observables of this theory to be computed in the strong coupling limit [2—H].

The two-loop four-gluon scattering amplitude was first computed for N' =4 SU(N)
SYM theory by Bern, Rosowsky, and Yan [ff] using cutting techniques, with the results
expressed in terms of two-loop planar and non-planar scalar integrals (see also ref. [[]).
Explicit expressions for these IR-divergent integrals as Laurent expansions in e (where
D = 4 — 2¢) were later obtained by Smirnov in the planar case [, and by Tausk in
the non-planar case [§]. Subsequently, Anastasiou, Bern, Dixon, and Kosower (ABDK)

demonstrated that the two-loop amplitude is expressible in terms of the one-loop amplitude



in the large-V (leading color) limit, suggesting an iterative structure for the loop expansion
of N'= 4 SYM amplitudes in this same limit [[[]. Using insights from decades of study of the
IR divergences of gauge theory amplitudes [f|—[[], Bern, Dixon, and Smirnov conjectured a
complete nonperturbative exponential ansatz for MHV n-gluon scattering amplitudes [(],
again in the leading-color (large-N) limit. In this limit, only planar diagrams (in the
topological expansion of 't Hooft) contribute [R].

In this paper, we explore the structure of the subleading-color (nonplanar) contribu-
tions to the four-gluon amplitude in AV = 4 SU(N) SYM theory through three loops,
focusing particularly on the IR-divergent terms. We also demonstrate some intriguing con-
nections between these subleading-color amplitudes and four-graviton amplitudes in N' = 8
supergravity.

After reviewing the known exact one- and two-loop results for the full four-gluon ampli-
tude in A" = 4 SYM theory, we use Catani’s formalism [I§] to develop explicit expressions
for the IR-divergent terms of the one- and two-loop subleading-color amplitudes, and a
combination of his approach and that of Sterman and Tejeda-Yeomans [Lg] for three loops.
We denote the leading-color L-loop amplitude by A0 and the subleading-color ampli-
tudes by ALK (k=1,...,L) where A@Lk) ig the component of the amplitude proportional
to NX=*. We show (for L < 3) that the leading IR divergence of the amplitude A%*) is
O(1/€*17F), and explicitly determine its coefficient. We find that the first two terms of the
Laurent expansion of the N-independent amplitude A/) (which starts at O(1/€l)) obey
the relationship

PLi(X,Y, Z 1
%A(l’l)(k) +0 <6L—_2> (1.1)

where P, (X,Y, Z) is an nth order polynomial, explicitly specified in eqs. ({.45) and ({.44),
and X = log (t/u), Y = log(u/s), and Z = log (s/t), with s, ¢, and u being Mandelstam
parameters. We prove eq. ([.]) for two and three loops (cf. egs. (:26) and ([£34)), and
conjecture the result to be valid generally.

Next, observing that the N-independent SYM amplitude AL has a leading diver-
gence of the same order as the L-loop four-graviton N = 8 supergravity amplitude 3, B3,
we show in section [] that the full amplitudes are related. In particular, we demonstrate

ALD) (¢)

the exact relationships for one- and two-loop amplitudes

1

3 [()\Sgu)Ms(%hlv)l(s,t) + cyclic permutations} = \/éASYMMS%) (1.2)
1 21 7(2,2) . . 21 1(2)
3 [(Asgu) Mgyyi(s,t) + cyclic permutatlons} = (V2Xsym)*Mgo (1.3)

é) are ratios of L-loop N-independent SYM amplitudes Aé@’f/[) and

where MéSLfl\ﬁ) and Mé

L-loop supergravity amplitudes A(SLG) to tree-level amplitudes, and Agym = ¢?>N and
As¢ = (k/2)% are SYM and supergravity coupling constants. The natural generaliza-
tion of egs. ([.2) and ([.3) to L loops is not satisfied, at least in its simplest form. The
one- and two-loop relations have a simple (albeit nonintuitive) interpretation in terms of
the 't Hooft picture, once we factor in an unusual identification, in that the topological

expansion of the SYM Feynman diagrams is related to the loop expansion of supergravity.



In section ], we discuss the transcendentality of the N' = 4 SYM amplitudes as well
as that of the Catani operators, which has not previously appeared in the literature. We
observe that the subleading-color N' = 4 SYM amplitudes through two loops have uni-
form transcendentality, as is already known for the leading-color amplitudes. Moreover,
the N' = 4 SYM Catani operators (at least through three loops) also have uniform tran-
scendentality, which implies the same for the divergent contributions of n-gluon scattering
amplitudes through that loop order. Finally, the N' =4 SYM Catani operators constitute
the maximum transcendentality piece of the corresponding QCD Catani operators.

2. One- and two-loop four-gluon amplitudes

In this section, we review known exact results for one- and two-loop four-gluon amplitudes
in =4 SU(N) SYM theory, and relations among them.

Gluon n-point amplitudes may be written in a color-decomposed form as a sum over
single and multiple traces of color generators [R4]. The four-gluon amplitude contains only
single and double traces, and can be written as

At guon(1,2,3,4)= 3 Te(T®T%@ T T%®) Ay, (0(1), 0(2), 0/(3), o (4))
0E€ESL/Zy
£ 37 TH(T 0 T ) Te(T o T ) Ay (0(1), 0(2), 0(3), 0(4)) (2.1)
065’4/23

where the color-stripped amplitudes A4, and A3 implicitly depend on the momenta and
polarizations of the external particles, and where T% are SU(N) generators in the fun-
damental representation, normalized according to Tr(T“Tb) = 6%, The L-loop diagrams
contributing to Ay, start at order N L those contributing to Ay.3 start at order N L=1 and
corrections to each term come with factors of 1/N? (from loop index traces), so that the
L-loop amplitude has the form

1
Ag1 = g*al [Agfl’o) + mAi;Ll’z) + - ]

1 1
Ay = gPa* [NAEL{%;” + i+ } (2.2)

with the series ending at the N-independent amplitude AL and where the natural 't
Hooft loop expansion parameter is [R(]

2
— g N —v\€
Here v is Euler’s constant, and the loop amplitudes, being IR-divergent, are evaluated using

dimensional regularization in D = 4 — 2¢ dimensions. The leading-color term A(:0)
L7L)

comes
from planar diagrams, whereas the subleading-color terms A1 through A( include

contributions from nonplanar diagrams.



We will also find it convenient to write the four-gluon amplitude as

0 9

A4—gluon(17 2,3, 4) = 92 Z a” Z AEZI}/) C[’]
o

ATy
L=0 k=0

in terms of an explicit basis of traces [2F]

9
1 (LK)
N §_1: A ¢y (2.4)

Cpy = Te(TOT2THT™), Cy = Te(TUTWT2T%) iy = Te(T T2 Tr(T%T%)

Clp = Te(TUTRTUT®),  Cp = Te(TUTSTUT),  Clgy = Tr(TT5)Tr(T%2T%)

Clg) = To(TOTHT2T®), g = Te(TUTHUTST) | Clop = Tr(TT%) Tr(T%2T%)
(2.5)

so that Aﬁ’zk) through Aﬁ’zk) correspond to the single-trace amplitudes A(L’%), and

A% 2h+1) through AEL] 2k+1) correspond to the double-trace amplitudes A(L 2k+1)

The tree-level amplitudes are

0 0 0 0 0 4iK
(AR 4G Al AR, AR AR)) = ——— (ut.s,5.8,0) (2.6)

where s = (k1 + k2)?, t = (k1 + k4)?, and u = (k1 + k3)? are the usual Mandelstam
variables, obeying s + ¢t + u = 0 for massless external gluons. The factor K, defined in
eq. (7.4.42) of ref. [f], depends on the momenta and helicity of the external gluons, and

is totally symmetric under permutations of the external legs. The identities Afl}) AEGL}),
A%) = AEE)])’ and A%) = A&]) are satisfied at all loop orders.
At one loop, the single-trace amplitudes are given by 7]
ALY =MD (s,0) AN = 2K 1Y (s,1) (2.7)

with the other single-trace amplitudes Ag}’ ) and Afg} ) obtained by letting t < u and

s <> u respectively. In eq. (1), I il)(s, t) denotes the scalar box integral
1
MO(s,1) = —Zst 19(s,1) (2.8)

1(s,8) = 1) t,5) = —ine P2 7
P*(p—Fk1)*(p—k1—k2)? (p+Fa)?

an explicit expression for which is given, e.g., in ref. } The one-loop double-trace

amplitudes are given by [B7|

(L) _ 40D _ 400 o (400, 400, 400
A = Al = A =2 (A" + 4"+ 45”) (2:9)
— 4K [Iﬁ”(s,t) + IV, w) + 19 (u, s)] . (2.10)

The relation (R.9) follows from the one-loop U(1) decoupling identity [24].



At two loops, the leading-color single-trace amplitude is given by [

AR = M@ (s,) A = ik [sIPT(5,0) + 1P (1, 5)] (2.11)

where I f)P(s, t) denotes the scalar double-box (planar) integral

M@ (s,t) = ist [sIf)P(s,t) + 120, s)} (2.12)
2 dequ

[(2)P s,t) = (—i 25ee'yﬂ_—D/2 /

i (1) ( a ) p2(p+9) 2 (p—k1)?(p— k1 —k2)?(q— ka)?(q— ks — ka)?

an explicit expression for which is given, e.g., in ref. [2(]. The double-trace amplitude is [f]
ARD — 9k [S (31§2>P(s, t) + 209N (5 1) 4 3197 (5, u) + 212VP (s, u)> (2.13)

[7]
—t (If)NP(t, 5) + IAEQ)NP(t,u)> —u (IAEZ)NP(u, s) + If)NP(u,t)>]
and the subleading-color single-trace amplitude is [f

A%’m = —2iK [s (If)P(s, t)+ If)NP(s, t) + If)P(s, u) + If)NP(s, u)) (2.14)
1t (127 (k) + 1P (1) + 107 (1 w) + 10V (1)

—2u (If)P(u, s) + If)NP(u, s) + If)P(u, t) + If)NP(u, t))]
(2)NP .
where I (s,t) denotes the two-loop non-planar integral
2
If)NP(s,t) = (—z',uzfeww_Dm)

dPpdPq
x 2 2,2 2 2 2 2 (215)
P2(p+q)%q*(p—k2)?(p+q+k1)*(g—k3)?(q— ks — k4)

an explicit expression for which is given in ref. [§. All the other single- and double-trace

amplitudes A%’k) are obtained by making the appropriate permutations of s, ¢, and u in

these expressions.

The two-loop amplitudes obey the following group theory relations [P

A =2 (A" + A" + 4G") - A
A =2 (A" + A" + aG") - A
AGY =2 (AG0 + G0 + AGY) — 4G (2.16)
and may be easily verified using eqs. (R.11)), (B.13), and (R.14). In addition, we have
AP 4+ AP+ AR =0 (2.17)

also easily verified using eq. (P.14). Together these equations imply

3 9
(2,0) (21) _
6 Z; Ay = Z; Ay =0 (2.18)



which is the two-loop generalization of the U(1) decoupling relation (B.9). Both eqs. (2.17)
and (R.1§) are encapsulated in the equation

ZAfﬁ ZAfﬁ =0, L<2 (2.19)

which is valid through two loops.

3. IR divergences of N' = 4 SYM amplitudes

When we dimensionally regularize a theory in D = 4 — 2¢ dimensions, both UV and IR
divergences appear as poles in €. In a UV finite theory, such as N = 4 SYM, the poles in €
are solely due to IR divergences. In gluon-gluon scattering in N' = 4 SYM, IR divergences
arise both from soft gluons and from collinear gluons (which can exchange a virtual gluon
with soft transverse momentum), each of which gives rise to an O(1/e€) pole at 1-loop,
leading to an O(1/€?) pole at that order. At L loops, the leading IR divergence of A(:0)
is therefore O(1/€2L), arising from multiple soft gluon exchanges. The IR divergences of
subleading-color amplitudes A@E)  however, are not so severe, being only O(l/ezL—k).
In particular, the N-independent amplitude AL has a leading O(1/ el ) divergence, the
same degree of IR divergence as an L-loop N = 8 supergravity amplitude. As we will see in
section [, there are some intriguing connections between the N-independent ' =4 SYM
amplitude AL) and the L-loop N = 8 supergravity amplitude.

In this section and the next, we will analyze the IR-divergent contributions of leading-
and subleading-color N’ = 4 SYM amplitudes up to three loops using the general analysis
of refs. [I§, [[9). This will allow us to illustrate the IR behavior described above as well as
to derive some relations for subleading-color amplitudes. In this section, it will be useful

to organize the color-stripped amplitudes A%) defined in eq. (B-4) into a vector

Dy — (4D 4D 4D 40 40 40 40 41 4T
A0 = (A, 4R, AR AR, AR AR, A A, 4) (3:1)

where (- )T denotes the transposed vector, so that the loop expansion of the four-gluon
amplitude (R.4) may be expressed as

=

Ai—glion=9 [|A(O)>+a|A(1)>+a2|A(2)>—|—a3|A(3)>+- ] , a= g (4me ™). (3.2)

82
3.1 Catani’s formalism

In ref. [[§], Catani showed that the IR divergences of the L-loop amplitude |A") (¢)) can be
characterized in terms of operators I¥) acting on lower-order terms in the loop expansion

AD(e)) = STV (IA®) +]40 (0) (33)
4D (@) = 25T@(@IA®) + LI (4D (©)) +]4C (0) (34)
49(€)) = 5TO @A) + 1D (IAD) + LID(O)|AZ) () + [AD(0) (3.5)



where I()(¢) contains the terms that diverge as e — 0, and |AZY)(€)) is finite as € — 0
(but is not the entire finite piece of |AF)(e)), since I(X) (¢) contains finite terms as well).

If we specialize to four-gluon scattering in AV = 4 SYM theory (for which the S-function
vanishes), the one-loop Catani operator I") (¢) takes the form'

1M (e QZZT T( > (3.6)

=1 j#i

where T; - T; = Ty and T are the SU(IV) generators in the adjoint representation.
The two-loop Catani operator 1(2)(6) may be written in the case of ' = 4 SYM

as [2§, 9

1®)(e) = _% [10(0)]" ~ N e(e) 10 (26) + 49 e [ Nes ZZ T, T, <_S )26 N f{(%}

1=1 j#i

We may use eq. (B.€) to rewrite eq. (B.7) as

1@ (e) —% 10(0)]" ~ N(G + ) ) 1V (20) + ?ﬂ@ . (3.11)

€

Using eq. (B11)), eq. (B-4) may be rewritten in the form

A®)(e)) = 2i1<1><e>rA<l><e>> — (G ) () TV (20]40)

1 c() 1
P B |AO) ¢ 10 (A () + A () (3.12)

which will be useful in section .

To determine the form of the three-loop Catani operator I®), we turn now to the
slightly different IR analysis of Sterman and Tejeda-Yeomans [[9].
3.2 Formalism of Sterman and Tejeda-Yeomans
In ref. [[[J), Sterman and Tejeda-Yeomans characterized the IR divergences of the L-loop
amplitude |A() (¢)) as

AD(E) = LFO@IA®) +]A0) (e) (313)

"'We adopt the normalization convention of ref. @], omitting the prefactor e?” /T'(1 — €) that appears in
refs. [@, @, @, @] This only affects the form of the finite contribution |A®E¥) (¢)).



40(0) = 35FO([A) + TFO ([ AD(0) + |A2D(e) (314)
A9(6) = 15FOA0) 4 T FO (@A) 4 LFD (AP () +]AD (o)) (3.15)

where we have rescaled® the operators F(X) of ref. [[9] by a factor of NX. The operators
F()(¢) differ from the Catani operators I)(¢) introduced in the previous subsection in
that they contain only the divergent terms of the expansion in € whereas the expansion of
IV () also contains non-negative powers of e. For this reason, the finite pieces [Af) (¢))
of eqs. (B13)-(B-13) differ from the |[ALF)(€)) of eqs. B-)-(B:H), which is why we have
distinguished them with a tilde.

Specializing to the case of gg — gg in N' = 4 SYM theory, we may rewrite the
expressions for F()(e) given in ref. [[J] as

F(e) = G (e) (3.16)
FO(c) = —% [P + (20 (3.17)
FO(0) = — [FO@] ~ SFO@F (0 - SFP (OF (0 + G939 (3.19)
with
G (e) = NTL [— <§ + %ém) 1+ %r@)] (3.19)

where ') are nontrivial anomalous dimension matrices and ) and g((]L) are the coef-
ficients of the soft (or Wilson line cusp) and collinear anomalous dimensions of the gluon
respectively, which are just numbers (proportional to the identity matrix)

o
(@) = Y 4 Pa = da — d¢aa® +22¢sa® + -
L=1

Gol(a) = LZ_IQS%L = —(3a® + (4¢G5 + 1—30@@)@3 +. (3.20)

These values were calculated in ref. [R(] in the planar (leading N) limit, but they remain
valid for arbitrary N because contributions subleading-in-1/N are never proportional to
the identity, and for G(L)(e) contribute only to the anomalous dimension matrices T'(5).
Moreover, v(a) and Gy(a) are the leading transcendentality part of the corresponding QCD
anomalous dimensions, as one can easily check using the formulas in ref. [[[].

3.3 Comparison of IR formalisms

We now show that the operators defined by Catani and by Sterman/Tejeda-Yeomans are
related by the following equations

FU(e) = I (e) — AW(e) (3.21)

2Note also that the expansion in ref. [@] is in powers of a/m whereas in eq. () the expansion is in
powers of a. The only effect of this difference on the equations, however, is to change the numerical values

of the constants ’y(L) and g})“ in eq. )



FO(e) = 10(e) + AD () T (¢) + A® () 1D (¢) — AB) (o) 393
and

A0 () = 1400 (0)) + L AD(E)]A®)

ACD(e)) = |42 (0)) + £ AD(@AD(@) + 3580(0)|A) (3.24)

1 1
FADOIACH ) + 15 A (A (@) + 1 A0(E)]A)

ABD () = |ABN () +
where the A()(¢) are finite as € — 0.
By comparing eq. (B.§) with eq. (B-16), one may ascertain that the O(1/e?) terms on
both sides of eq. (B-2]) match because S %, Z?# T;-T; = —4N1. The O(1/¢) terms
match provided T'®) is given by

ZZT T; log<_8w> (3.25)

1=1 j#i

The remaining (finite) part of IV (¢) defines A (¢), the first term of which is

AW (e) = i Z > T T,log’ <“—2> + O(e). (3.26)

Next by using eq. (B.22), we see that eqs. (B.11]) and (B.17) are compatible provided
that?

T = _r® 4 L@ = ( [I(l) AU)D (3.27)

N2

e—0

with A (€) given by the finite contribution of I (e) + AW (e) I (¢) in eq. (B:22).
Finally, by using eq. (B.29) together with eq. (B.1§), we obtain an expression for the

three-loop Catani operator, namely

§1<2>(e)1<1>(e) +G®)(3¢) (3.28)

2 { [P 0+10 (02, A0 (9] - [10(0), AV (9] AD (o) +[100), %) ()]}

where all the commutator terms in the second line have a leading O(1/¢) divergence. Since

10)(e) = _é [1<1>(e)]3 _ %I(l)(e)I@)(e) _

we do not have an explicit expression for T'® (¢) in G®)(¢), we do not know the O(1/€)
contribution anyway so we write

13 (e) = —é [I(l)(e)]g - %I(l)(e)I@)(e) 2@ 010 - LNy Lo <1> . (3.29)

3 (3¢)?

3Further calculation shows [@, @] that T = —Cgl"(l)7 since the last two terms of eq. () exactly
cancel, as can be seen using egs. (D5)-(D8) of ref. [@] We thank Lance Dixon for pointing this out.




In fact, we can check that the commutators in the second line of (B.2g) don’t have pieces
proportional to the identity, thus we can absorb them inside the three-loop anomalous
dimension matrix T'®, as in eq. (B:27). Thus we can also calculate the part of the O(1/€)
term proportional to the identity,

B (4¢5 + 22¢a03)

T N31 (3.30)

and we are left only with the unknown divergent piece I'®) /€.

If we substitute eq. (B.11)) into eq. (B.29), we obtain

ﬂa&):%[ﬂ”&ﬂ?+%%@+f@ﬁ&)PuRdﬂD@Q+ﬂﬂD@Qﬂnkﬂ
—Cl(—;) [IU)(E)I%I(?)+2ﬂ<2>1<1>(e)] Hg‘éN ’m O<1> (3.31)

Finally, we use eq. (B:29) to rewrite eq. (B.9) as
2
AP (e)) = :))—]\[I(l)(e)h‘l(2 (€)) + WI( /()] AW (€)) + 3_NI ()] A% (e))
190 + 30| 1400 - G w0 (7)) 63

and then use eq. (B.I1]) to obtain

L2
3N2

2
AV OIAR () + T2 (04D () (3.33)

2 2 11¢4 1
2 1A@hH 22 1 A0F) L () z

14®)(e)) =

which will be useful in the following section.

4. 1/N expansion of the IR divergences

In this section, we will use the results of the previous section to expand the IR-divergent
contributions of the four-gluon amplitude in powers of 1/N.
First we re-express the vector of amplitudes (B.1]) as

|AEO)) 4 L AE2)) 4
ALY — 4.1
‘ > <1A(L71)>+1,A(L73)>+... ( )
N N3
where A(vak)
[1]
A(L,2k)
EQI]/ - AE7I],,2I¢+1)
Ay L2k+1
’A(L’2k)> — AE?)L],%) and ’A(L,2k+1)> _ AE8]7 +1) (4_2)
(2.2%) Ay ™Y
A 9
(5]
(L,2k)
Ajg)

— 10 —



We recall that the leading-color amplitude AEL0) ig proportional to N in the full amplitude
A4_gluon because it is multiplied by al ~ NE. The subleading-color contributions A(LK)
are proportional to NX=% in A4_gluon, With the most-subleading contribution ALL) being
the N-independent piece of the amplitude.

In the basis (1) and (fJ), the operator IV (¢), defined in eq. (B-), has the form [2j]

1 { Na. B
IW(e) = —= < 4.3
(€) @< ’. N&> (4.3)
where
S+T 0 0 0 0 0 T—-U 0 S—U
0 S+U 0 0 0 0 U—-TS—-T 0
. 0 0 T+U 0 0 0 5 — 0 T—-SU-S8
< 0 0 0 T+U 0 0 ' < 0 T—SU-—S
0 0 0 0 S+U 0 U—-TS—-T 0
0 0 0 0 0 S+T T-U 0 S—U
S—-US-T 0 0 S—-TS-U 25 0 0
Ve = 0 U—-TU—-SU—-SU-T 0 , =1 020 0 (4.4)
T-U 0 T—-ST-S 0 T-U 0 0 2T
with

N & N B

Using this together with eq. (B.9), we can compute

; ha Nh
HO = 7o 70 4.6
<Nh7 0 (46)
with
01 -1-11 0 1 0 —1
-10 1 1 0 —1 ~11 0
oo | L oLO 0 -t o | 0V
1 -10 0 —11 0 —11
-10 1 1 0 —1 -11 0
0 1 -1-11 0 10 -1
-11 0 0 1 —1
hy=]0-111-10 |. (4.7)

1 0 -1-10 1

The leading-color amplitude |A“9)) has poles up to O(1/€2F), but from these expres-
sions, we can see that each additional power of 1/N in the amplitude reduces the power
of the leading pole in € by one, so that subleading-color amplitude ]A(L’k)> only has poles
up to O(1/e2£=F). The diagonal (leading in N) elements of eq. ([.3) have leading power
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1/€2, whereas the off-diagonal (subleading in V) elements have leading power 1/¢, since 3
and 7. have expansions that start at O(e). Since the leading divergences of I® and 16
are given by —1 [I(l)]2 and % [I(l)]3 respectively, one can use induction on eqgs. (B.3)-(B-3)
to show that the leading pole of AR is O(1/e2L=%). We will see this explicitly in the
following subsections.

4.1 One-loop divergences

We now substitute egs. (1) and ([-J) into eq. (B-J) to obtain equations for the leading-
and subleading-color one-loop amplitudes A0 and ALY The leading-color amplitude

satisfies )
A9 () = ——aA®) +]409 ). (1)
€
This equation is diagonal, so we focus on the first component
1,0 1 0 1£,0
AO(e) = —5(s+ )AL (&) + AL (e) (4.9)
with the other components given by permutations of s, ¢, and u. The finite contribution
A&f 0) (¢) is not specified by the IR analysis, but may be obtained by evaluating the exact
expression (e.g., as in ref. [(]) for the amplitude (2.§)

1,0 0
A = MW (s, ) AR
2
W(gpy o _BSFT 1, orsy 21
MW (s, 1) S +5log (t)+ =+ 0. (4.10)

The equation for the subleading-color one-loop amplitude
1
ACD(6)) = =55 A®) + AU (o) (411)
€

is consistent with the one-loop U(1) decoupling relation (2.9), but the latter (exact) relation
also allows us to evaluate the finite contribution

ALY (e) = ALY (e) = ALY (o)

(7] (8] 9]
(8K (sS+tT+ul) 1 9 9 9
= < i > [ = +5 (sX?+tY?+uZ?)+0(e)| (4.12)
where we define
t U S
X =log (E) . Y =log <§> . Z=log <Z) . (4.13)

We now expand S, T, and U in € and re-express

log(—s/p?) = log(—u/u*)=Y,  log(—t/u®) =log(—u/p*)+X,  Z=-X-Y (414)

to obtain
1A (¢)) = <_22K> K%)M —(s+t)XY} 1 o) (415)
1

where (1,1,1)7 indicates the [7], [8], and [9] components of ALY, One can see that,
while the leading-color one-loop amplitude (f.9) has an O(1/€?) leading divergence, the
subleading-color amplitude ([.1§) has only an O(1/¢) pole.
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4.2 Two-loop divergences

We derive expressions for the leading- and subleading-color two-loop amplitudes AR0)
A and A®2) by substituting eqs. (1), (E£3), and (f£§) into eq. (B.1J).

The IR behavior of the leading-color amplitude was utilized in ref. [] to motivate
the ABDK relation between one- and two-loop amplitudes. To see this, observe that the

leading-color amplitude satisfies
[ACO()) = —55ac [|AC0(E) + A0 (@)
(o + eg)e(e) [ |40 (2e)) — |A0FO(26))| +]ACFN () (4.16)

the first component of which reads

@0,y _  (8+T) 1,00 (11,0)
A (e) = -5 457 @ + 4470
—(Co + €C3)ele) [Af}]”)(ze) — ALHO (26)] + AR (e). (4.17)

Using eqgs. (R.11) and ({.10), we may rewrite eq. ({.17) as

1
= 5
—(Co + €Cs)e(e) [MU)(ze)_M(lf)(ze)} + M@D(e) (4.18)

M (e) [M(l)(e) _M(lf)(e)] [M(l)(€)+M(1f)(€)]

where M) (e) = Afﬁf’o)(e)/Aﬁ)}) and we have suppressed the s, t dependence of M(©).

Retaining only the divergent pieces, we get
1

M(2)(E) 5

[M(l)(E)] - (G2 + eC3) MW (2€) + O(°) . (4.19)

Of course, the Catani equation (B-4) does not yield any information about the O(€°) piece,
but Anastasiou et al. showed, using the exact one- and two-loop results (2.§) and (2.19),
that it is actually a constant (independent of the kinematic variables s and t), yielding [I]

MO(e) = ¢ [MO@)] ~ (G + e+ )M (20) - 7;—2 0. (420

The leading divergence of M) (€) is O(1/€*) as expected.
Next, the equation for the two-loop double-trace amplitude is

1
—@’Ys

~(Ge)e(©) A (26)) - 1AM 2] + 0D Ly |40) 400D (o)

1A (6)) = 1400 €)) + 4019 (e)] - 2—1256 [140D()) + 1AM D ()] (4.21)

_ <‘8“(> (_2)(53;_“) i + o <€i2> (4.22)

stu

whose leading pole is O(1/¢3).
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Finally, the N-independent single-trace amplitude satisfies

AP2(0) = — 5L [JAD (@) + AV (0)] + LD Lol 40) + 14072 1) . (423)

Using eqs. ([.4) and ([.6) and the first component of eq. ({.29) one obtains

22),y__B+T=20) 1 ) PN IEOF 0! © (2£.2)
A= Al )+ 4l (e)]+¥L 46 (A @] +A5 2 ). (424
Next we use eqgs. (P.6) and (.12) and expand in € to obtain the unexpectedly simple result

(due to cancellations between the [I(l)(e)]2 and H® terms in eq. (B11))

Qs . 2\ 2€ .
A(2,2)(€):< 82K>X Y <u_> sY tX—(s—I—t)XY

0 4.2
(1] stu € —u 2¢ +0O(€) (4.25)

which has an O(1/¢?) leading divergence. Comparing this with eq. ({.15), one obtains the
following relation between the N-independent one- and two-loop amplitudes

X-Y
Z—-X
1|1Y-Z
AEDD = |y 7 | A @9+ 0. (4.26)
Z—-X
X-Y

This relation manifestly obeys eq. (B.17). We have also verified eq. (.2() using the exact
two-loop amplitude (R-14). Unlike the case of the ABDK relation ([.20) between leading-
color one- and two-loop amplitudes, however, the O(e”) term in eq. (.2§) is not a simple
constant, but rather a complicated linear combination of polylogarithms.

Finally, one can check that the equations ({.16), ({.21), and (£.23) are consistent with

the group theory relations (R.14).

4.3 Three-loop divergences

We derive expressions for the leading- and subleading-color three-loop amplitudes ABO)

ABGD | AG2) and AB3) by substituting I?) from (B11), I from (E3), and H® from (L)
into eq. (B.33).
The leading-color three-loop amplitude obeys

2 1 (G + €C3)cle)
(3,0) - _ = (2,0) = 214(1,0) A2 T EhS) AR (1,0)
409 () = — 20420 (0) - La2ja00(g) 4 LELDAD , g00 o)
2 ) 11¢y 1
_ 2 1 A21,0) 52 1 4(1£,0) _ 254 4(0) z
322 |A (6)) + 3.2 |A (€)) oci |[A™)Y + O <e> ) (4.27)

This equation may be shown to imply that

M® (e) = MM (e)MP)(e) — % [M<l>(e)]3 - <1916<24> +

o) s
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which is consistent with eq. (4.4) of ref. [20], though of course not as strong, since eq. ({.2§)
was derived from the IR behavior whereas the result of ref. [R(] was derived by evaluating
the exact three-loop amplitude.

The double-trace amplitude proportional to N? satisfies
1

024D )

1
b (et 8 |ACO (@) 2D, g0 o

L 2
et )dd ) a0y + A0, 14000 - 20 o)

12¢
G2y 408 1
+551AM @) + 0
1
1
1

2 2
[ACD () =~ 58 ACD () — 557 AZ0(e)) -

_ <—81’K> 2(sY — tX)

stu €’

+0 (%) . (4.29)

The subleading-color single-trace amplitude satisfies

2 2 1
|AB2 () = _@‘%’A(ZZ)(E» - QBE‘A(ZD(G» o (e + Bebe) |AMD (€))

1 (2 + €G3)cle) c(e)L
_ (1,0) b2 T ERSJHE (1,1) il (1,1)
1B 400 (@) 1 @A g0 gy 1 LI g0 g
AL, a0y — 2| 402 L
+ e ha| A% (€)) 362\A (e)y+ O ;
X-Y
7z —-X
CSiIK\ (~1)(sY —tX) |y -z 1
= - . 4.
(stu) et Y -Z +0 e (4.30)
Z —X
X-Y
Finally, the N-independent double-trace amplitude obeys
AGD(@)) = — 27 AC(@) — el AtV () +0 (2
3e2 6et €
1 c(e)L 1
= — .05 |]ATD 2| A0S - cha A =) .(4.31
7B [[ATD (@) + 21400 ()] = S5 el AD) + 0 (=) (431)

We use eq. ([{.15) together with L = —XY (X +Y) and
VB | 1| =2[(S—T)*+(T-U)?*+(U-5)?% |1 (4.32)

and expand in € to obtain the leading two terms in the Laurent expansion

Qi 2 2 72 2\ 3¢ v 1
|A(3’3)(6)>=< 8ZK> X —H; +2 (M—> sY tX—(s—l—t)XY 1 +(9<1—> - (4.33)
stu € —u 3e 1 €
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This can be written concisely as

X2+ Y2+ 72 1
1AGD) (¢)) = %m(m(?ﬁ» Lo <E> . (4.34)
One can see from all these expressions that |AG*) has a leading pole of O(1/e57%), as
expected.

4.4 Higher-loop divergences

Equations (B.11) and (B.31) suggest that the most-divergent contribution of the L-loop
amplitude is given by

L
1 [ 1M (e)
(L) - — |\ Oy 4 ...
AD() = — [ S2 1140y + (435)
which of course can be summed to give
1Y)
|A(€)) = exp [%] |AO)Y 4 ... (4.36)

Equation ([£33) is certainly valid for the leading-color contribution |[A(-9)  as it implies
L
uo % [ Mu)} 4. (4.37)

the leading-term of the BDS relation [20]. Our calculations in previous subsections, how-
ever, show that eq. (fE35) also correctly gives the most-divergent O(1/€2£=F) contribution
of the subleading-amplitudes ]A(L’k)>, at least for L < 3. We expect this pattern to con-
tinue to higher loops. For example, the leading divergence of the N-independent amplitude
AE-L) ghould be given by

L
1 Pt (o 1
o) G :
NLL! [I (6)‘N_mdop] NELIeL \ ~ 0 +0 <eL—1> (4.38)

where 7, and f3. are of O(e), so that the leading divergence is of O(1/¢l).

We now treat the cases L = 2k + 1 and L = 2k + 2 separately. For L = 2k + 1, using
eqs. (L19) and ({.39), eq. (f:35) implies that the leading divergence of A(%H’%H)(e) is
given by

1

ABHRD (@) = e (80HA) + 0 () (4.39)

2k RIK [X24Y24 2270 [sY —tX 1+O 1
(2k+1)! N\ stu €2 € 1 €2k

which can be formally summed to give

2L/ a2k —8iK\ . a\/2(X2 + Y2 + Z2)
Z (_) ’A(2k+1,2k+1)(6)> _ < — >smh< \/

Pt N Ne

(4.40)

sY —tX
X
V2(X2+Y2+ Z2)
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For 2k + 2, there is one more I() matrix acting, and we get

1 1
| ACFH22K42) (¢)) = —Wﬁe(%ﬁe)klz‘l(l’”(d> +0 (m) (4.41)
and using
Y- X
X-7
Z-Y ,
1] = 4.42
a1 =e| 227 | o (1.42)
X-7
Y- X
we find that the leading divergence of AF+2:2k42)(¢) is given by

: k
| A@k+2,2652) () — ok —&K\ 1 X24+Y2%24 72
(2k + 2)! stu € €2
X-Y
Z—X
sY —tX| Y -2 1
- [ € } vz |7 © <e2k+1> (4.43)
Z—-X
X-Y
which can also be formally summed to give
N\ 2k+2 —8iK sY —tX
a A (2k+2,2k+2) _ il
Z (N) | (e)) stu 2(X2+Y?2+22) x (444)

X-Y

7-X
a\/2(X2+Y2+22) Y-Z
x[cosh( Ne -1 v_7
7-X

X-Y

Based on the forms of egs. ({.26) and ({.34), we make the stronger conjecture that the first
two terms in the Laurent expansions of the N-independent amplitudes are given by

1
2F X241+ v24 22" L
|A(2k+1,2k+1) (€)> — (2]€)' |: 62 :| AE;}vl)((Qk, + 1)6) 1 + @) <62k—_1> (445)
: 1

X-Y
Z—-X
(2K+2,2k+2) b X242+ 221" Y-Z 1
| ACk+2, (6)>:(2k+1)!2[ - ]Am (b2 4 |+0 <§€> (4.46)
Z—-X
X-Y
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but we have not tried to verify these. These equations of course would imply that

9 k 2 2 21k

(2k+1,2k+1), \ o 2 X +Y"+ 7 (1,1) 1
§7Am (6) = 3(%)! [ = A (26 +1)e) + O poTY (4.47)
6 1
ZA%HMHZ)(E) =0 <e2_’f> ) (4.48)
i=1

The exponentiation property ([:3§), which implies that the leading L-loop divergence
of the N-independent amplitudes is O(1/e"), reminds us of similar behavior in N = 8
supergravity [3, RJ], so it is natural to try to relate the N-independent N’ = 4 SYM
amplitudes to N/ = 8 supergravity amplitudes.

5. N =4 SYM / N = 8 supergravity connection

In this section, we demonstrate the existence of some relations between N' = 4 SYM
amplitudes and N = 8 supergravity amplitudes at the one- and two-loop levels. The L-loop
N-independent SYM amplitude AZ&L) is related to the L-loop supergravity amplitude, as
both have O(1/¢") leading IR divergences. Other subleading-color SYM amplitudes A ()
have O(1/e217F) leading IR divergences, and consequently satisfy relations involving lower-
loop supergravity amplitudes.
In this section we use the notation?
ok
L2k L 4(L,2k L,2k+1 L,2k+1

AG (5,0) = a2 A AR (5,0) = \/_Afs} ) (5.1)

noting that the other components A%’k) are obtained by permutations of s, ¢, and w.

However, we omit the argument (s,t) for functions that are completely symmetric under
permutations of s, ¢, and u. We also define

L.k
MR (g gy — ASAL(s. )
SYM (87 ) (0) :
ASYM( 7t)
k)

Note that the coupling constant a” is now included in the definition of Ms(éM (s,t) (as it is

(5.2)

for the supergravity amplitudes in ref. [2]) in order to make the supergravity-nonplanar
SYM relations more transparent. This differs from M @) defined in previous sections, so
that MieY) = oL (@),

5.1 One- and two-loop relations

Recall that the one-loop N-independent SYM four-gluon amplitude is given by (P.10)

g*N
AGR, = =Sl = —2irc |25 ()| [0+ 1 0 + 1)
(5.3)

“The normalization of A(Si,flk 1) (s,t) is arbitrary. We have chosen one that is most natural in the context

of the SYM /supergravity relations presented in this section.
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The one-loop supergravity four-graviton amplitude® may be expressed as [27, f]

A, = 8iK? [% (4%6_7)6} 106 + 10 () + 1 (u,5)] (5.4)

The supergravity amplitude is proportional to K? rather than K due to the KLT re-

lations [BJ] (a manifestation of the relation “closed string = (open string)?”).

Defining
Asym = ¢2N and Asg = (k/2)?, one observes that the one-loop SYM and supergravity

amplitudes are related by

1 Asym (1)
ALY = — 5 5.5
SYM 2V2K AsG (5:5)
By factoring out the tree amplitudes in both the supergravity and SYM amplitudes
16i K2
A% = A = () My 50
stu
1,1 1,1 4iK 1,1
AGR, = AR o080 = (- 200) 280 57
we can express eq. (b.5) in the form
1,1 AsYM
MEN(s,t) = V2 My (5.8)

Asql

In other words, the ratio of the one-loop subleading-color SYM and the one-loop super-
gravity amplitudes (after factoring out the tree amplitudes) is simply proportional to the
ratio of coupling constants, where we need to use the effective dimensionless coupling Asqu
for supergravity because Agq is dimensionful.

Finally, we rewrite eq. (b.§) in the manifestly permutation-symmetric form

1
3 [(ASGU)MS(%(’%\/)[(SJ) +c.p.| = ﬁASYMMS(g (5.9)

1)

(where c.p. denotes cyclic permutations of s, t, and u) even though uMé%(’M(s, t) is already
symmetric under permutations. A similar symmetrized relation can be written for the
one-loop leading-color amplitude

()\SGu)MS(;g/)I(S,t) +c.p. = _ASYMMS(Q (5.10)

obtained from the one-loop decoupling relation (2.9) together with eq. (5.8).

We now turn to two loops. First, we exhibit some relations between SYM and super-
gravity amplitudes that hold only for the IR-divergent terms. The easiest case to analyze
is the two-loop N-independent SYM amplitude A(Si’,?\al(s, t), since from eq. (f:26) we have

X-Y
AR (s, 1) = a? AR = —V2a - ALY (2¢) + O(). (5.11)

Using eq. (5.5), we can rewrite this as

SYM T 2K Ao €

ACD (5 ) = _a Asym <X—Y> Aélc);(%) + O (5.12)

Pafter stripping off a factor of (/2)? for a four-point amplitude
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or equivalently

2,2 Asym (X =Y 1
MED(s,t) = —2a g ( - >MS(G)(26) + O() (5.13)

thus obtaining a relation to the one-loop supergravity amplitude.
The IR-divergent part of Aé%ﬁ\z[(s,t) is also related to the one-loop supergravity am-
plitude, though in a rather more complicated way. First, it can be related to the one-loop

subleading-color amplitude A(SIYBI(E) by the expression

2\ € 2
21 1 2 Tm 1,1 1 1,1
AéYl\)I(S’t) =a <T> |:<_ 6_2 + ﬁ) AéYl\)I(E) - @ <14(SYl\ZI O(EO)>:|

X
30X 400 (96) + O(e0) (5.14)

obtained from an explicit evaluation of the IR-divergent part of the scalar integrals in
eq. (P-13) in the physical region ¢t > 0, s,u < 0. Then, by virtue of eq. (5.J), it can be
related to the one-loop supergravity amplitude by

2.1 aAsym p2\ 2 T’ 1 1 1
Mgms,t):ﬂASGu{(T) (- 2+ ) st - 5 (38,

_%Mgg@e)} +0(). (5.15)

Next, we exhibit some two-loop relations to N = 8 supergravity that include the finite
terms. First, we consider the two-loop N-independent amplitude Ms(%f). Multiplying
eq. (b.13) by u? and summing over cyclic permutations, we can write

1 2
5 [(ASGuFMS%i}(s,t) + C.p.] = Ay [Mgg@] +O(). (5.16)

Then, using the relation Méé)(e) = %[Még (€)]? + O(") between the one- and two-loop
supergravity amplitudes [29, PJ], we can write this as

1 2,2 2
= [(ASGu)2M§YN)[(s,t) + C.p.] = 2%y M) (5.17)

where we omit the O(e) because, in fact, this relation is exact (!), as may be easily verified
by using the exact expression (B.14) for the N-independent SYM amplitude [f]

2
2,2 a“st 2)P 2)NP 2)P 2)NP
MEN (s, 1) = = [s (127 (5, + IOV (5.0 + 17 (s0) + 1P (s,0)) (5.18)
+t (If)P(t, s) + IV (4, 8) + 19 (t,u) + IAEQ)NP(t,u)>
—2u (If)P(u, s) + If)NP(u, s) + If)P(u, t) + If)NP(u, t))]

and that for the two-loop supergravity amplitude [ff]

3 2 2
M§2>:_%{(’;f; (mﬂ)f] 1P (s, 0)+ 1Y (5,004 177 (5,0)+ 1PN (5,0) +e.p.
(5.19)
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Finally we turn to the two-loop subleading-color amplitude Ms(zalv){ The two-loop

decoupling relation (R.1§) can be rewritten as
—V2 [uMs%ll\/)l(s,t) + c.p.} =6 [uMs%g/)l(s,t) +cp.| . (5.20)

Using the ABDK relation [i]

1
2

together with eq. (b.10), we can rewrite eq. (5.20) as

MENE) = 5 [MER )]+ ar@ @Ml + 0, £ = (G + e+ )

(5.21)

é [(ASGU)Mg(I{/)[(S t) + c.p. ] —% {(Asgu) [Mé;l?/)[(s t)} ’ + C.p.}

+\/§)\8§% (47‘re—’7)6 f(2)(e)M§é) (2¢) + O(e). (5.22)

Unlike the previous relation, however, eq. (5-23) only holds through O(e"). As mentioned
above, because of the fact that the leading IR divergence of MS(YM is O(1/€3), we found a
relation to the one-loop supergravity amplitude rather than the two-loop one.

In the next subsection, we attempt to generalize the exact relations (b.9) and (5.17)
to L loops. We might try to generalize eq. () as well, but it was based on the two-loop
decoupling relation (R.1§), which does not hold beyond two loops.

5.2 Looking for a general ansatz and a connection to the ’t Hooft picture

The relations (5.9) and (F.17) between N-independent SYM amplitudes and supergravity
amplitudes at one and two loops suggest the appealing generalization

1 7
g[usgu) MS(YM)(s,t)—I—c.p.] L (V2rsym) M (5.23)

which is exact for L = 0, 1, and 2. It is tempting to hope that this relation holds for all L.
Unfortunately, eq. (f.29) fails starting at L = 3, even at leading order, O(1/¢el).

In section 4.3, we used the three-loop formula of Sterman and Tejeda-Yeomans to
derive the first two terms in the Laurent expansion of A®3) in eqs. (33) and ({34).
On the supergravity side, we expect [RZ that, at least at leading IR order, we have an
exponentiation formula, i.e.

@ 1 ks 1 1 )\S(;(SY—tX) 1
Mg = = M) +o <€L—_1> = e +0( =) (24

One can explicitly check that, if eq. (5.24) is true for L = 3, then eq. (5.23) is not satisfied
at three loops.5

5The three-loop formula of Sterman and Tejeda-Yeomans was not derived by an explicit calculation, but
its 1/ €% term, which gives the leading term in A(3’3), is probably correct. Similarly, we did no explicit three-
loop calculation for A' = 8 supergravity, and the exponentiation conjecture for the leading IR divergence in
ref. [@] was based on the two-loop exponentiation formula and the fact that in the theories where this was
studied, at least the leading IR divergences exponentiate. So it is possible, but very unlikely, that eq. ()
holds beyond two loops.
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Assuming that eq. (5.24) for the leading IR divergence of the supergravity amplitude is
correct, and that the leading IR divergences of AL conjectured in eqs. (E39) and (E439)
are also correct, one can show that the following relations hold:

e 3 - [()\Sgu)Ms(%(kl\J/fl’%H)(s, tye) + C.p.]

{)\2 s2+t2—|—u2r1

3

@ 1/ Asc\? [ sX+tY +uZ\? *
uors (52) ( )

- 92K+ /2

- OSYM 2k 1)

6 \ 872 €

MY (e +0 <€2ik> (5.25)

for L =2k +1 and

s+ 12 +u?]" 1
[Agcf} 3 [(ASGU)QMéikI\J/Ez’%H)(s,t; €) + C.p.]

2 g1k
(2) 1/ )sa sX+tY +uz 1
b () (e

22k+2

— )\2k+2

SYM (2k4-2)! €

for L = 2k+2 (where k = 0,1,2,...) instead of the result eq. (p.23) without the correction
to MS(2G) inside the square brackets, and with [1(s? 4 2 + u?)]* replaced by u?*.

An interesting fact is that either eq. (5.23) (or eqs. (.29) and (5.26) without the extra
term), and also the relation (f.23), have a possible interpretation in terms of the 't Hooft
string picture of the 1/N expansion. Thus at least in the case of L = 1,2, egs. (b.29)

and (p.29) still do, so one can hope that there is a correct relation at higher L yet to be

determined.

't Hooft’s idea was to construct string worldsheets out of Yang-Mills Feynman dia-
grams by drawing simplified diagrams (depending only on a particle’s color structure),
with adjoint fields represented by double lines and fundamental fields (quarks) by single
lines. In N/ = 4 SYM, all fields are in the adjoint representation, therefore all t Hooft
diagrams are composed of double lines only. In this picture, an index line loop represents

7 contributing a factor of N.

a color trace,

As we noted earlier, the leading-color amplitudes correspond to planar diagrams, car-
rying a factor of N* at L loops. A subleading-color contribution down by 1/N (e.g., the
leading term of the double-trace amplitude A4.3) comes from a diagram missing a line loop
(= color trace), which for the ’t Hooft diagrams of N' =4 SYM can only come from twists
of the external (on the outside boundary of the corresponding planar diagram) double

lines® in such a way that index loops of the external gluons become disconnected, giving

"The g- and N-dependence of an n-gluon amplitude can be written suggestively as g™ (g2 N)*(g%)2#+5-2,
where I=number of index loops, H=number of handles, and B=number of boundaries of the Feynman
diagram=worldsheet. Each index loop brings a factor of N, as well as a factor of g2, and 2H + B — 2
characterizes the topology of the surface. Thus an index loop is associated with the same coupling behaviour
as an open string loop (splitting and rejoining).

8For example, the one-loop four-gluon diagram contains three possible cases, with two twists adjacent
to an external gluon a; giving Tr(7T!)Tr(T*?T**T**), which vanishes for SU(N) , two twists on opposite
side of the box giving, for example, Tr(7T“*T*?)Tr(T*3T*), and twists on all four double lines giving
Tr(TerT3)Tr(T2T4).
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a diagram with the topology of a hole (annulus). A subleading-color amplitude down by
1/N? corresponds to a diagram which also has twists of internal (not belonging to the
outside boundary of the planar diagram) double lines giving a nonplanar diagram with a
handle, which does not modify the external color trace. For higher-point functions, we
could have multiple (k + 1) trace amplitudes down by 1/N*, coming from diagrams with
the topology of a surface with k holes (open string loops).

't Hooft’s proposal for a relation to string theory associated a set of Yang-Mills di-
agrams with a string worldsheet. (The original idea for the string to live in four flat
dimensions never quite worked out in detail, though for N' = 4 SYM theory, the AdSs x S°
string may be the correct construction.) Thus, a planar (leading-color) SYM diagram
corresponds to a tree-level string worldsheet, a 1/N subleading-color SYM diagram with
the topology of a hole (annulus) corresponds to an open-string one-loop worldsheet, and a
1/N? subleading-color SYM diagram with a handle topology corresponds to a closed-string
one-loop worldsheet.

It is possible, and our two-loop relation between Aé@fa) and Aé]a) for L = 1,2 seems
to suggest this, that one can reduce each closed-string loop to two open-string loops (this
relation is certainly valid for vacuum diagrams). The open-string loop comes with a factor
of g%YM = ggpen = ¢s, whereas a closed-string diagram comes with a factor of g‘SlYM =
gglosed = g2, so that one would have

one loop closed string = (one loop open string)2 (5.27)

reducing each 1/N factor in the SYM amplitudes to an open-string loop; thus ALK)

corresponds to k open-string loops. But now, if we also adopt the rule
one loop open 't Hooft string (in 4d!) = one loop in AN = 8 supergravity in 4d  (5.28)

then egs. (5.29) and (5.23) (or egs. (p.25) and (5.2§) with no extra terms) have a simple
interpretation: AZ*) corresponds to k loops in the supergravity expansion.

Using the rule (5.2§) for the k = L relation (5.23), for which the number of loops
in SYM equals the number of loops in supergravity, there are no internal loops in the

't Hooft double line diagram, thus the diagram is defined exclusively by its handles and
holes. Then eq. (5.29) just corresponds to replacing MS(%@) with Ms(é), V2Agym with
Ascu (the effective supergravity coupling constant) and, since supergravity amplitudes are
permutation-symmetric whereas SYM amplitudes are not (the position of the twists breaks
the symmetry of the Feynman diagram, even if nothing else does), averaging over cyclic
permutations. If the correction term were not present in the square brackets in egs. (b.29)
and (B.26)), then we would just need to replace A%@*ﬁ with (A3g(s? + 12 +u?)/3)k Asqu and
A2 with (A2 (s? + 12 +u?)/3)% (Asgu)? instead. Since the correction terms are present,
the interpretation is not clear.

It is also not clear how to derive the rule (p.2§), or why such a rule should even be
possible. It is reminiscent of AdS/CFT, but then it is not clear why we get supergravity in
4d and not some higher-dimensional space. If true, it could be a manifestation of a different

kind of duality, relating weak coupling with weak coupling, as also advocated in ref. [BJ.
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On the other hand, perhaps the rule (p.2§) is only an approximation. When com-
pactifying string theory down to 4d, the supergravity modes could in principle get mixed
up with other string modes, and the loop expansion of supergravity combined with other
terms, so it is in principle possible that a modification of the rule (b.28) could account for
the modified relations (p.25) and (p.2€]), and make them precise beyond leading order.

6. Transcendentality

One may associate with each term in an operator or amplitude a degree of transcendentality
as follows: each factor of (i, 7%, log" 2 (where z is any ratio of momentum invariants), or
any polylogarithm of total degree k has transcendentality k& and the transcendentality
of a product of factors is additive. By uniform transcendentality kg, we mean that in
an e-expansion Y, are® (for dimensional regularization), a; has transcendentality k + ko.
Maximal transcendentality means that kg has a maximal value. In the case of N' = 4
SYM and N = 8 supergravity, maximal transcendentality means that L-loop amplitudes
have uniform transcendentality kg = 2L; that is, all terms proportional to (A/ 62)L - ¥ have
degree of transcendentality k.

In this section, we first study the transcendentality of the IR-divergent Catani opera-
tors I¥)| which determine all the IR-divergent terms of n-gluon amplitudes. The N = 4
Catani operators have uniform transcendentality, and moreover constitute the maximum
transcendentality piece of the corresponding QCD operators. We then go on to examine the
transcendentality of the subleading-color amplitudes of ' = 4 SYM theory. These too have
uniform transcendentality (as do the leading-color amplitudes), but in this case do not con-
stitute the entire maximum transcendentality piece of the corresponding QCD amplitudes.

6.1 Transcendentality of IR-divergent n-point operators

From egs. (B-3)-(B.H), one may see that, for the L-loop amplitudes to have maximal tran-
scendentality kg = 2L, the L-loop Catani operator I'X) must have uniform transcendentality
ko = 2L. We will show in this subsection that the one- and two-loop Catani operators of
N =4 SYM theory (and the three-loop operator, up to an undetermined term of O(1/¢))
do satisfy this, and moreover constitute the maximal transcendentality piece of the QCD
Catani operators. The review [B4] is useful for this discussion.

The one-loop Catani operator for QCD is [[[§]

1 n o n 1 M2 € i 1 M2 €
1M () = §ZZT2‘ -T; [6—2 <?”> et < (6.1)

P
i=1 j#i hd

where v; = by = %N - %TRN ¢ for gluons. The first term in brackets has uniform tran-
scendentality k9 = 2 while the second term in brackets has uniform transcendentality
ko = 1, and hence is subleading in transcendentality. For N' = 4 SYM, however, by = 0,
so in this case I(l)(e) has uniform transcendentality kg = 2, and is given by the maximal
transcendentality part of the QCD operator (B.1)).
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The two-loop Catani operator for QCD is [ig]

1<2>(e):——1<1 [1 }—i—c(e) [K+b:0] 1M (2¢)

with H® given by [BJ-[1|

H® —; Z falazaaTicilTi?Tgs log <m> log <M> log (M) ) (6.3)

s; — G — 5
= 213 i3i1 Q12
(41,i2,i3)

Again, in general, I®) contains terms of mixed transcendentality, but for A" = 4 SYM, one
has by =0, K = —(uN, and H i(2) = %C?,N 2 50 only the terms of maximal transcendentality
remain. (The expression c(e) itself is of uniform transcendentality ky = 0, as can be seen
from eq. (B).) Thus we see that for N’ =4 SYM, the operator I?) has maximal uniform
transcendentality kg = 4.

At three loops, we consider the N' = 4 SYM Catani operator (B.29). All the terms
through 1/€2 have uniform transcendentality ko = 6, thus maximal. (The 1/e term contains
I'®), which we have not computed.) Moreover, from eq. (30) of ref. [I9], we see that the
additional terms in the three-loop QCD Catani operator, proportional to by, contain at
most terms of uniform transcendentality kg = 5, and thus subdominant. We expect the
same pattern to hold for the three-loop anomalous dimension matrix I'®).

Based on these results, it is natural to expect that the L-loop N' = 4 SYM Catani
operator I¥) will also be of uniform transcendentality, and the maximal transcendentality
piece of the QCD operator.

6.2 Transcendentality of two-loop four-gluon amplitudes

To examine the transcendentality of the N' = 4 SYM four-gluon amplitudes, one must
look at the exact expressions for the planar and non-planar loop integrals. From the
explicit Laurent expansions given in refs. , E], one may see that, while the one- and
two-loop planar integrals (2.§) and (.13) have uniform transcendentality kg = 2 and
ko = 4 respectively, the two-loop nonplanar integral (R.15) does not, as it contains terms
of subleading transcendentality.

The leading-color one- and two-loop amplitudes A9 and A9 which are built from
one- and two-loop planar integrals therefore have uniform transcendentality, as is already
well known. The subleading-color one-loop amplitude A1) (and therefore the one-loop
supergravity amplitude), which by eq. (B.10) is also built from the one-loop planar integral,
also has uniform transcendentality kg = 2.

It is not obvious that the two-loop subleading-color amplitudes ARY and A22) | which
are built from two-loop planar and non-planar integrals (cf. eqs. (R.13) and (R.14)) have
uniform transcendentality, but we have verified, using the expressions in ref. [@], that
all the terms of subdominant transcendentality cancel out, and that the full nonplanar
amplitudes have uniform transcendentality ko = 4, at least through O(e").
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It was previously observed that the two-loop N' = 8 supergravity amplitude (p.19),
which is also built from the two-loop non-planar integral (R.17), nonetheless has uniform
transcendentality [23, BJ].

Given that the N' =4 SYM four-gluon amplitudes (at least through two loops) have
uniform transcendentality, the question arises whether they constitute the entire maximum
transcendentality piece of the corresponding pure QCD amplitudes [BF].

At one loop, the leading-color four-gluon QCD amplitude is [P

gluon _ scalar N=1 N=4
M3 Soxang = (L= €0r) MY 0, — 4M3 o000, + M xoasn (6.4)

where ); denote helicities. The N = 4 SYM four-gluon amplitude Mflf ;4)\3 A, 18 nonzero
only for helicities — — ++ or — + —+, and given by Boz¥(s,t), which has uniform tran-
scendentality, starting with 1/¢? (the " term has transcendentality n + 2). The terms
(1-— eéR)MiCEIiZF and Mi\f_:jJr are decomposed into Bub®, eBox®), eBox(®), BubW, and
terms with lower transcendentality, and from the explicit expressions in ref. [RJ], we see
that they all start at most with 1/¢, thus at order €” have transcendentality at most n + 1.
The terms (1 — edp)M3¥8" and M=, | however, contain the finite term Boxz(®), which
has pieces of (maximal) transcendentality two. Hence, only in the case of the one-loop
amplitude with helicity — — +4 are the maximal transcendentality terms of QCD given by
the N' =4 SYM result [Bd].

The one-loop U(1) decoupling identity (2.9) holds for both N'= 4 SYM and for N = 0
(pure QCD). Since the maximal transcendentality terms of the leading-color one-loop four-
gluon QCD amplitude with helicity — — ++ are given by the corresponding N' = 4 SYM
amplitudes, the decoupling identity implies the same result for the subleading-color one-
loop amplitudes.

At two loops, this does not hold even for the leading-color amplitude with helicity — —
++. The leading-color two-loop QCD amplitude [R§] contains terms of transcendentality
two that are not contained in the corresponding A" = 4 SYM amplitude [B§].

7. Conclusions

In this paper we have studied the subleading-color (nonplanar) contributions to the N =
4 SYM four-gluon amplitude. Explicit expressions for the IR-divergent terms of the
subleading-color amplitudes were computed through three loops using the formalisms of
Catani and of Sterman and Tejeda-Yeomans. We extrapolated these results to conjecture
the form of the leading IR divergences of the N-independent subleading-color amplitude
AL in eqs. (4F) and (E46).

We have also demonstrated some connections between A" = 4 SYM four-gluon ampli-

tudes and N' = 8 supergravity four-graviton amplitudes. The one-loop subleading-color
SYM amplitude is proportional to the one-loop supergravity amplitude, the proportion-
ality constant being the ratio of the coupling constant Agyny for SYM and the dimen-
sionless effective coupling Agqu for supergravity. Various relations exist between the two-
loop subleading-color SYM amplitudes and one- and two-loop supergravity amplitudes,
as detailed in section [j. The SYM/supergravity connection is most transparent in terms
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of ratios of loop amplitudes to tree amplitudes M) = AL /A©) " The relation (5.23)
between L-loop SYM and L-loop supergravity amplitudes, which is valid for L < 2, is
understood by replacing Agyn with Aggu and summing over permutations. The simple
relation (p.23), however, fails at three loops and beyond (assuming that we have correctly
determined the leading divergences of Méél\ﬁ) and MS(L)). Instead, we obtain the rela-
tions (p.25) and (p.2G), which do not have a simple interpretation. If eq. (p.23) were
correct (or eqgs. (b.25) and (p.26) had no extra terms), we would have had a simple, albeit

nonintuitive, interpretation in terms of the 't Hooft picture (equating the topological ex-

pansion of SYM Feynman diagrams with string worldsheets). Perhaps a modification of
this picture can be found that would relate the subleading-color (nonplanar) N/ =4 SYM
amplitudes to the N’ = 8 supergravity amplitudes to all loop orders.

Our one and two-loop results suggest the possibility of a weak-weak duality between
N =4SYM and N = 8 supergravity (see also ref. [B3]), in contrast to the usual strong-weak
AdS/CFT duality. Such a duality, however, would require a relation between SYM and
supergravity amplitudes at three loops and beyond, a relation we have failed to find. Since
the gauge theory expansion has two parameters, Asyn = g?N and 1/N (corresponding to
o' and gs in the string picture), whereas the loop expansion of N/ = 8 supergravity has
only one parameter, A\sq = (k/2)?, it is perhaps unlikely that such a duality could exist
without taking into account stringy corrections. It is possible that one needs to consider
the mixing of other string theory modes into the loop expansion of supergravity, giving the

extra terms in egs. (5.25) and (f.24).

The one-loop supergravity amplitude appears in many different places in subleading-

color SYM amplitudes. Examples include the two leading IR-divergent terms in
egs. (E26), ([34), (E4F), and (fE44), as well as the full IR divergence in eqgs. (5.13)
and (p.19).

Finally, we have examined the issue of transcendentality of the N’ = 4 SYM subleading-

color amplitudes and of the Catani operators. Up to two loops, the nonplanar amplitudes
have uniform transcendentality, as is already known for the planar amplitudes. The N = 4
SYM Catani operators (at least through three loops) also have uniform transcendentality,
and constitute the maximum transcendentality piece of the QCD Catani operators.
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